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Random walks systems with killing on Z†
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We study random walks systems on Z whose general description follows. At time zero,
there is a number N $ 1 of particles at each vertex of N, all being inactive, except for
those placed at the vertex one. Each active particle performs a simple random walk on
Z and, up to the time it dies, it activates all inactive particles that it meets along its way.
An active particle dies at the instant it reaches a certain fixed total of jumps (L $ 1)
without activating any particle, so that its lifetime depends strongly on the past of the
process. We investigate how the probability of survival of the process depends on L and
on the jumping probabilities of the active particles.

Keywords: simple random walk; phase transition; epidemic model; contact process;
frog model

2000 Mathematics Subject Classification: 60K35; 60G50

1. Introduction

We investigate the asymptotic behavior of three random walks systems on Z. A basic

version of the model under study is described next. At time zero, there is a number N of

particles at each vertex of N ¼ {1,2, . . . }, all inactive except for those placed at the vertex

one. Once activated, each particle moves as a discrete-time independent simple random

walk on Z, activating all inactive particles it meets. However, each active particle has

a lifetime, which depends on the past of the process, in the sense that its displacement lasts

until it reaches a total of L jumps without activating any particle. It is worth mentioning

that this dependence rules out the possibility of using ordinary random walk estimates or

straightforward comparisons with branching and birth–death processes. We are interested

in studying whether the process survives, that is, whether there exists active particles at

each instant of time with positive probability.

The many versions of this model (known as frog model) studied so far have an

essential difference from those we consider here: the lifetime of active (or infected)

particles is either infinite or a random variable which is independent of the path. In the first

case the main studied subject is a shape theorem for the model on the hypercubic lattice Zd

and in the second case the purpose is to investigate critical parameters on Zd and
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on homogeneous trees (see [1,2,6] and the references therein). In Ref. [4], a shape theorem

is proved for a continuous-time version of the model on Zd.

Let us give a motivation for the kind of model we work here. Assume that there is

an infinite quantity of computers connected in line, and that each computer only

communicates with the one on its right and the one on its left. Suppose that at time zero,

only one computer is infected by a virus which randomly chooses to jump to the computer

on the left or the one on the right, infecting it. When one or more viruses (all viruses jump

at discrete times) hit a computer, this computer is infected by a new virus, which starts the

same dynamics of jumps. After infected each computer activates an anti-virus, which will

kill any virus that jumps in the future on it. Is there a positive probability that an infinite

quantity of computers will be infected? What happens if stronger virus is created, which

are able to survive a larger number of computers with anti-virus?

Finally, observe that in this model infection is represented by random walks while

individuals are represented by the vertices of the graph. Moreover, the edges represent the

possibility of direct contact between pairs of individuals. This representation is clearly

different from those used in well-known models as the contact process (see Ref. [7]) and as

in mean-field models as SIS or SIR (see Ref. [5]).

2. Definition of the models and results

In this section, we describe the three models and state the results. The corresponding proofs

are presented in section 3. The unifying characteristic is L, meaning the number of lives each

active particle has. In the first model, the process dies out no matter how strong the virus is

(no matter how large L is); in the second model the process survives with positive probability

even if the virus is very weak, dying right after jumping to the left (L ¼ 1). The third model

presents phase transition for the parameter, meaning that it dies out if L is small (the virus is

weak) but survives with positive probability if L is large (the virus is strong).

2.1 The uniform process

For the first model, we fix integers L $ 1, N $ 1 and a real number p [ (0,1). Initially

there are N particles at each vertex of N. All particles are inactive at time zero, except for

those placed at the vertex one. At each time, each active particle, independently, chooses

to jump to the right with probability p or to the left with probability q ¼ 1 2 p,

performing a simple random walk on Z. Up to the time it dies, it activates all inactive

particles it hits along its way. An active particle dies at the instant it reaches a total of

L jumps (consecutive or not) without activating any particle. In other words, each active

particle starts with L lives and looses one life whenever its jump does not yield the

activation of new particles. When several active particles simultaneously jump on an

inactive particle, it is assumed that none of them looses a life. We call this model the

uniform process on Z.

Theorem 2.1. The uniform process on Z dies out a.s. That is, with probability one there

exists a time from when there are no active particles.

We emphasize that Theorem 2.1 still holds under the more interesting initial condition

where there are N particles at each vertex of Z. For more details, see the remark after

its proof.
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2.2 The particle process

Now we allow the probability of jumping to the right and left to depend on the initial

position of the particle. For this model, we obtain a condition for which the process

survives with positive probability.

Fix an integer L $ 1 and a sequence {qn}n$1 of real numbers in (0,1). Again, L stands

for the number of jumps without activating new particles that an active particle does before

dying. At time zero there is one particle at each vertex of N; only the particle at the vertex

one being active. The dynamics of the model is the same of the uniform process, except by

the fact that the particle initially placed at position n, in the event it is activated, chooses at

each step to jump to the right with probability 1 2 qn or to the left with probability qn.

We call this model the particle process on Z. As a consequence of Theorem 2.1.

Corollary 2.1. If infn qn . 0 then the particle process on Z dies out a.s.

On the other hand,

Theorem 2.2. If
P1

n¼1

QM21
i¼0 qnþi , 1 for some integer M $ 1, then the particle process

on Z survives with positive probability.

Since,
P1

n¼1

QM21
i¼0 qnþi # M

P1
n¼1ðqnÞ

M , we get the following

Corollary 2.2. If
P1

n¼1ðqnÞ
M , 1 for some integer M $ 1, then the particle process on

Z survives with positive probability.

Theorem 2.1 says that no matter how large N and L are and how close p is to 1, the

propagation event does not happen with probability one. On the other hand, Theorem 2.2

asserts that the propagation event may occur if the process counts on more efficient

individuals. From this we conclude that in our models the way individuals are organized is

not as crucial as their behavior. For a model in which the organization of individuals is

essential for extinction/survival matters, see Schinazi [7].

2.3 The site process

Finally, we define a family of models exhibiting phase transition. Fixed k $ 2 an even

integer, we define a model that dies out a.s. for L # k and survives with positive

probability for L . k. Again L stands for the number of lives that each active particle has.

To achieve this objective we let the jumping probabilities to depend on the current position

of the active particles.

Suppose that initially there is one particle at each point of N. All of them are inactive

except for the one at the vertex one. Assume that an active particle which is at position

n jumps to the right with probability 1 2 qn or to the left with probability

qn ¼
ð j þ 1Þ22=ðknÞ if n ¼ s j for some j $ 1;

0 otherwise;

8<
:

where s . k þ 1 is a fixed integer. As usual, an active particle dies at the first time it

reaches a total of L jumps without activating any particle. We call this model the site

process on Z.
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Theorem 2.3. The site process on Z dies out a.s. if and only if

L # k:

3. Proofs

The following result (see e.g. Bremaud [3]) is useful for what comes next.

Lemma 3.1. Let {an}n$1 be a sequence of real numbers in (0,1). Then,

Y1
n¼1

ð1 2 anÞ ¼ 0 ()
X1
n¼1

an ¼ 1:

Proof of Theorem 2.1. Instead of considering the uniform process as defined, let us assume

that each active particle looses one life whenever it jumps towards the origin. We call this

process the independent uniform process because each active particle has a life, which

depends only on its own random walk. Clearly, the result is proved once we show that the

independent uniform process dies out a.s.

For i [ N, let Ri be the set of all vertices visited by particles placed originally at

i during their virtual lives. We use the word “virtual” because one does not know whether

vertex i is visited by some particle; the set Ri becomes “real” if i is actually visited.

For i, j [ N, we define the following events: Ai U the particles at vertex i are activated,

{i ! j} U {j [ Ri}, and {i K j} U {i ! j}c. Finally, we consider

Bi ¼<
i21

j¼1
{j ! 2i} and Ci ¼<

2i21

j¼i
{j ! 2i}:

Since, {Ri; i [ N} is an independent family (for the independent uniform process),

PðA2iÞ # PðBiÞ þ PðAiÞPðCiÞ: ð3:1Þ

Observe now that for j , 2i,

Pð j ! 2iÞ ¼ Pð j ! j þ 1Þ
Y2i21

k¼jþ1

Pð j ! k þ 1j j ! kÞ # Pð1 ! 2Þ2i2j:

Therefore, for a positive constant c,

PðBiÞ # cPð1 ! 2Þi; ð3:2Þ

where Pð1 ! 2Þ # 1 2 ðpqÞLN , 1. Also, for all i,

PðCiÞ ¼ 1 2
Y2i21

j¼i

Pðj K 2iÞ ¼ 1 2
Yiþ1

j¼2

Pð1 K jÞ # 1 2
Y1
j¼2

Pð1 K jÞ V r; ð3:3Þ

where r , 1 by Lemma 3.1.
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Since P(1 ! 2) # r, we conclude from (3.1), (3.2) and (3.3) that

PðA2iÞ # cr i þ rPðAiÞ:

Thus, for any j $ 1, we have that

PðA2jÞ # cr 2j21

þ rPðA2j21Þ;

which implies that limj!1PðA2jÞ ¼ 0. Consequently,

lim
i!1

PðAiÞ ¼ 0; ð3:4Þ

and from this it follows that the process dies out a.s. A

Remark. A simple modification in the previous proof allows us to prove Theorem 2.1 in

the case that there are initially N particles at each vertex of Z. For this, we redefine

Bi ¼ <i21
j¼21{j ! 2i} and note that (3.2) still is valid, so that the same reasoning leads us to

(3.4). Analogously, we obtain (3.4) with A2i instead of Ai, and the almost sure extinction

follows.

Proof of Theorem 2.2. It is enough to consider L ¼ 1. In this case, an active particle dies as

soon as it jumps to the left. Consider the events Ai, {i ! j} and {i K j} as defined in the

proof of Theorem 2.1. Recall that {i ! k} and {j ! l} are independent for i – j and

observe that for n $ M,

Anþ1 . ðAn > {n ! n þ 1}Þ< <
n21

i¼n2Mþ1
Ai > {i ! n þ 1} > >

n

j¼iþ1
{j K n þ 1}

 !
:

Thus, using that PðAnÞ is non-increasing in n,

PðAnþ1Þ $ PðAnÞ Pðn ! n þ 1Þ þ
Xn21

i¼n2Mþ1

Pði ! n þ 1Þ
Yn

j¼iþ1

Pðj K n þ 1Þ

" #

¼ PðAnÞ 1 2
Yn

i¼n2Mþ1

Pði K n þ 1Þ

" #

¼ PðAnÞ 1 2
Yn

i¼n2Mþ1

1 2 ð1 2 qiÞ
nþ12i

" #

$ PðAnÞ 1 2
Yn

i¼n2Mþ1

ðn þ 1 2 iÞqi

" #

¼ PðAnÞ 1 2 M!
Yn

i¼n2Mþ1

qi

" #
:
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So, using Lemma 3.1, we have that for t large enough

PðAnþtÞ $ CPðAtÞ

where C . 0 does not depend on n. Letting n ! 1 the result follows. A

Proof of Theorem 2.3. First recall that k is an even integer. We have to prove two claims:

(i) The process dies out a.s. for L ¼ k.

(ii) The process survives with positive probability for L ¼ k þ 1.

For j $ 1, let Dj be the event that the particle at the vertex s j is activated. Observe

that at the instant that Dj occurs, all active particles are at the vertex s j and the number of

active particles is between s j 2 s j21 þ 1 and s j. For L ¼ k, we work by considering the

best case for survival in terms of active particles: s j active particles with L lives each.

We obtain that

PðDjÞ ¼ PðD1Þ
Yj21

i¼1

PðDiþ1jDiÞ #
Yj21

i¼1

1 2 ððqs i Þk=2Þs
i

¼
Yj21

i¼1

1 2 ði þ 1Þ21:

Observe the importance of assuming k even: if the process dies out with L odd, then by

construction it also dies out with L þ 1.

On the other hand, if L ¼ k þ 1, then, by considering the worst case (s j 2 s j21 þ 1

active particles with L lives each),

PðDjÞ $
Yj21

i¼1

1 2 ððqs iÞ1þk=2Þs
i2s i21þ1 $

Yj21

i¼1

1 2 ði þ 1Þ2a;

where a ¼ ð1 2 s21Þð1 þ 2k21Þ . 1. As PðsurvivalÞ ¼ limj!1PðDjÞ, both claims

follow from Lemma 3.1. A
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